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Bound solitons in a nonlinear optical coupler
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It is predicted that a nonlinear optical coupler in the form of a twin-core fiber with a frequency mismatch
between the cores, or two parallel planar light guides carrying nonparaxial beams, should produce a set of
stable bound states of solitons with different separations between their centers. Unlike the recently considered
bound states of far separated optical solitons in single-mode and bimodal fibers, with an exponentially small
binding energy, in the present case the bound states are robust (their binding energy has no exponential
smallness), and the corresponding separation can be comparable to the proper size of the solitons. The pre-
dicted bound states can be used in the design of soliton-based memory and data-processing devices.

PACS number(s): 42.81.Gs, 42.81.Qb, 47.54.+1, 03.40.Kf

Recently, bound states (BS’s) of solitons in nonlinear sys-
tems governed by equations of the nonlinear Schrodinger
(NLS) type have attracted considerable attention [1-6].
There are at least two important classes of physical systems
in which the BS’s of solitons (solitary pulses) can be pre-
dicted: nonlinear fiber and planar light guides [1-5], and
traveling-wave convection in a narrow channel [7]. Actually,
only in the latter system were the BS’s observed in the ex-
periment [7], while the solitonic BS’s in the above-
mentioned nonlinear optical systems thus far remained a
purely theoretical object. There is a fundamental difficulty
impeding an easy observation of the BS’s in the optical sys-
tems: as was shown in Ref. [1], in the case when the coeffi-
cients in front of the gain and dissipation terms in the corre-
sponding perturbed NLS equation are small, which is the
case in nonlinear optics, a BS of two solitons can be formed
only when the separation between them is much larger than
their proper size, the binding energy of this BS being expo-
nentially small, so that an additional weak perturbation (e.g.,
the intrapulse stimulated Raman scattering [4]) can easily
destroy them.

Of course, the BS may be more robust when the pertur-
bation is stronger. In Ref. [6], results of very accurate nu-
merical simulations, specially aimed at searching for the
BS’s, were reported for a known model (the ac-driven
damped NLS equation, which has applications in solid state
physics [8] and in nonlinear optics [5]). While for really
small values of the perturbation coefficients it was virtually
impossible to produce the BS, it was found at larger values
of the coefficients (e.g., when a dimensionless dissipative
constant was 0.6). Although perturbation theory, strictly
speaking, does not apply in this case, it was shown that the
BS’s numerically found in this parametric region are still
quite accurately described by the perturbative analytical ex-
pressions.

Coming back to nonlinear optical systems, it is relevant to
mention that, as was shown in Ref. [3], in a system of two
coupled NLS equations (which is a model of a bimodal op-
tical fiber sensitive to the polarization of light), a BS of soli-
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tons belonging to different modes is possible without gain
and dissipation, provided that the coherent nonlinear cou-
pling between the modes and the group-velocity birefrin-
gence are taken into account. However, in this case, too, the
separation between the bound solitons had to be large, and
the binding energy was exponentially small. On the contrary
to all this, the effective Ginzburg-Landau (perturbed NLS)
equation which governs evolution of convection pulses in the
narrow channel is known to have a large diffusion coefficient
[9], which may be an explanation for a fairly robust BS
observed in the channel [7]. The separation between the two
“solitons” (subcritical convection pulses) in this BS was
comparable to the pulse’s proper size, which should be ex-
pected in this case.

The objective of the present work is to consider a BS of
solitons in another bimodal nonlinear optical system, in
which they are expected to be robust and much easier to
observe experimentally. This is a twin-core fiber (nonlinear
optical coupler [10]). Recently, a lot of work has been done
to study soliton dynamics in couplers; see, e.g., Ref. [11]. In
particular, interactions between the solitons belonging to the
different cores were simulated numerically in Ref. [12]. One
needs two essential ingredients to get a BS of solitons in a
bimodal system [3]: a coherent (phase-sensitive) coupling
between the modes, and a frequency mismatch between
them. The linear coherent coupling is always present in the
dual-core fiber. The frequency mismatch can be obtained if
one simply launches in the two cores pulses with different
carrier frequencies; to strengthen the effective mismatch, one
may also use a coupler with asymmetric cores. In the most
general case, the coupled NLS equations for the envelopes u
and v of the electromagnetic waves in the two cores take the
form

it |ulfu = —Kv e herien, (1)
a(iv,—icv,+3Bv .+ ylv|?v) = —Ku e® 7. (2)

Here z is the propagation distance, 7=t—2z/V,, is the re-
duced time chosen so that V,, is the group velocity corre-
sponding to the carrier wave in the first core, k, w, and c are,
respectively, the differences in the wave numbers, frequen-
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cies, and the group velocities between the carrier waves in
the two cores, K is the coupling constant, 8 and vy are ratios
between effective dispersion and Kerr coefficients in the two
cores, and « is an additional possible asymmetry factor. The
three coefficients a, (3, and +y are assumed positive. Notice
that the chosen form of Egs. (1) and (2), with no asymmetry
coefficient in front of the coupling terms, provides that the
equations have a natural Hamiltonian; see below.

The model based on Egs. (1) and (2) may also be applied
to a pair of tunnel-coupled parallel nonlinear planar light
guides, if the temporal variable 7 is replaced by the spatial
transverse coordinate x. In this case, the term which was
interpreted above as the group-velocity mismatch can be
naturally produced by a difference in propagation directions
of the two guided light beams, and no additional asymmetry
between the light guides is necessary.

In this work, interaction between solitons residing in the
two cores of the coupler will be considered by means of the
standard perturbation theory, treating the linear coupling as a
perturbation. Actually, this problem was already considered
perturbatively [13], with the essential difference that the two
modes were assumed fully identical. It was demonstrated
that a stable BS of two solitons with coinciding centers was
possible. From the viewpoint of the analysis developed later
in Refs. [1-6], this BS is, in a sense, trivial. Nontrivial BS’s
are those in which the centers of the bound solitons are sepa-
rated.

To analyze the interaction of the solitons in the two cores,
in the lowest approximation the solitons are taken in the
usual form corresponding to the decoupled Egs. (1) and (2):

u = 7y sech(#n;7) explig;(2)], (3
v =y Ynsech[ B~ n,(7+T)] explicB~ ' r+idy(2)],

4)

where 7, are amplitudes of the two solitons (actually, quan-
tities of physical interest are the peak powers 77%,2), T is the
separation between their centers, and the phases ¢, , evolve
according to the equations

dé,

___=£ 2 d¢2=1
dZ 2 71>

1
o 5.3"102+5 B 1n5. &)

The system of Egs. (1) and (2) is conservative, the part of its
Hamiltonian which accounts for the coupling being

U = _Kf (u*U e—tkz+twr+uv* elkz~zw-r)d,r. (6)

Inserting the lowest-order approximation (3) and (4) into this
expression, one can find an effective potential of the interac-
tion between the two solitons. Obviously, the potential may
give rise to BS’s provided that it does not depend on the
evolutional variable z. As follows from Egs. (3)—(6), this
condition implies the following relation between the ampli-
tudes 7; and 7,:

Bni—n; = —2Bk+c*. (7
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FIG. 1. The shape of the interaction potential (6) with ¢= 1 and
O=87%;.

If one takes initial values of the amplitudes not exactly sat-
isfying the relation (7) but sufficiently close to it, and if the
BS’s produced by the potential (6) are stable (see below), it
is natural to expect that the two solitons will indeed form one
of the BS’s, relaxing to it via emission of radiation, which is
a generic scenario of reaching stable stationary states in con-
servative nonintegrable systems. However, a detailed analy-
sis of the transient processes requires extensive numerical
simulations and is left beyond the framework of this short
communication.

Thus far, the analysis was carried out for the most general
case amenable to application of perturbation theory. From
now on, in order to obtain final results in a fully analytical
form, attention will be confined to the particular case when
both solitons (3) and (4) have the same internal scale, i.e.,
BY25,=mn,. It is necessary to stress that this limitation is
singled out only by the purely technical condition that the
integral (6) must be analytically calculable. There are no
reasons to surmise that in the general case qualitative results
will be essentially different from those to be presented below
in an explicit form for this special case.

Setting in Eq. (6) 8?7, = 7,, one can immediately per-
form the integration and obtain

sin(Q)7/2)

U(T, ¢)=—4mkmicosd o3 p sinh( 7. 7) °

®

where k=7 12K, Q=w— 8" 'c is an effective frequency
mismatch between the cores, and ¢=¢;— ¢, is the phase
difference between the solitons, which remains constant in
virtue of the relation (7). In the limit =0, the expression (8)
goes over into the interaction potential obtained in Ref. [13]
for the coupler with fully identical cores. For the sake of
definiteness, the effective coupling constant « will be as-
sumed positive in what follows below.

The shape of the potential (8) is shown (for the m-out-of-
phase solitons, i.e., ¢=17) in Fig. 1. To render the structure of
the potential clearer, a large value of ), Q) =8%,, was taken
in this figure. The BS’s correspond to local minima of the
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potential [1] (the experience gained in analysis of similar
problems [6] suggests that much shallower minima than
those seen in Fig. 1, corresponding to essentially smaller
values of {}/ 7, should be able to support sufficiently stable
BS’s). Obviously, at ¢=0 the potential has the deepest mini-
mum at 7=0, which persists at =0 and corresponds to the
well-known stable bound state of the two solitons with coin-
ciding centers [13]. Nontrivial minima at finite separations T
between the solitons exist only at Q#0. It is straightforward
to see that the location of the nontrivial minima is deter-
mined by the simple transcendental equation

tanx = £ tanh(x/£) , 9

where x=3Q7T, and £€=/27,. Equation (9) gives rise to an
infinite set of the minima, the first of them, T, lying in the
interval

2O < Ty <37y, Q71 (10)

where y;~0.96 is the smallest positive root of the equation
tan(3my)=3my. It is easy to see that, in particular, T; is
close to the left boundary of the interval (10) in the case
(<< 7, and it is close to the right boundary in the opposite
case.

The minimum of the interaction potential at T=T is at-
tained when ¢=r, i.e., when the two solitons are 7 out of
phase (Fig. 1). The second minimum is attained for the in-
phase solitons, ¢=0, and then the values of ¢ equal to 7 and
0 alternate for subsequent minima. As follows from from Eq.
(8), these positions are minima of the potential with respect
to variation of both the separation T between the solitons and
their phase difference ¢. As the soliton’s peak power
(squared amplitude) may be regarded as a canonical momen-
tum conjugate to the soliton’s phase [see Egs. (5)], a mini-
mum with respect to variation of the phase difference ¢ im-
plies that the corresponding BS will be stable against small
perturbations of the solitons’ amplitudes breaking the under-
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lying relation (7) between them [1,3] (as well as stable
against small perturbations of the separation T' between the
solitons).

At 1—0, all the nontrivial minima tend to infinity; see
Eq. (10). However, in the general case, {}/n;~1, the sepa-
ration between the two solitons in the first few BS’s is of the
same order of magnitude as the solitons’ proper size
~n" 1 As follows from Eq. (6), in this case there is no other
smallness in the BS’s binding energy but the small coupling
constant K. This is a drastic difference from the BS’s previ-
ously found in other single-component and two-component
models of the nonlinear optical fibers [1,3], where the sepa-
ration was much larger than the soliton’s size, and the bind-
ing energy was exponentially small in the perturbation pa-
rameter. Thus the nontrivial BS’s of solitons in the coupler
with an effective frequency mismatch should be much more
robust, and, therefore, they have a much better chance of
being found in experiments with dual-core nonlinear fibers
or dual-core nonlinear planar light guides.

In conclusion, it is pertinent to mention that the predicted
BS’s of the solitons may find an application in the design of
nonlinear optical memory and logic chips. Obviously, the
stable robust BS’s with the separation between the solitons
taking well-defined discrete values, which are not too large,
can be used for storage of information (using usual BS’s of
the optical solitons in a single-mode pumped lossy fiber for
information storage was recently proposed in Ref. [5]).
Moreover, one can easily switch the states corresponding to
the different separations, launching an additional free soliton
in either core. A collision between the free soliton and the
bound one will give rise to shifts of the location and phase of
the latter soliton, which can switch it from one BS into an-
other. The corresponding shifts are well predictable and eas-
ily controllable functions of parameters of the free soliton.
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